The zeta function regularization technique is used to study the Casimir effect for a scalar field of mass m satisfying Dirichlet boundary conditions on a spherical surface of radius a. In the case of large scalar mass, ma ≫ 1, simple analytic expressions are obtained for the zeta function and Casimir energy of the scalar field when it is confined inside the spherical surface, and when it is confined outside the spherical surface. In both cases the Casimir energy is exact up to order a −2 m −1 and contains the expected divergencies, which can be eliminated using the well established renormalization procedure for the spherical Casimir effect. The case of a scalar field present in both the interior and exterior region is also examined and, for ma ≫ 1, the zeta function, the Casimir energy, and the Casimir force are obtained. The obtained Casimir energy and force are exact up to order a −2 m −1 and a −3 m −1 respectively. In this scenario both energy and force are finite and do not need to be renormalized, and the force is found to produce an outward pressure on the spherical surface.
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I. INTRODUCTION
The electromagnetic Casimir effect was first predicted theoretically by H. G. B. Casimir [1] in 1948, when he showed that an attractive force exists between two electrically neutral, parallel conducting plates in vacuum. Boyer predicted the repulsive Casimir force some time later, when he discovered that a perfectly conducting, neutral spherical surface in vacuum modifies the vacuum energy of the electromagnetic field in such a way that the spherical surface is subject to an outward pressure [2] . Experimental confirmation of the Casimir effect came more than fifty years ago by Sparnaay [3] , and many improved experimental observations have been reported throughout the years [4, 5] .
Since their discovery, Casimir forces have been found to have many applications from nanotechnology to string theory, and a large effort has gone into studying the generalization of the Casimir effect to quantum fields other than the electromagnetic field: fermions were first considered by Johnson [6] then investigated by many others, and bosons and other scalar fields have also been investigated extensively [4] .
It is well known that Casimir forces are very sensitive to the boundary conditions of the quantum fields at the plates. In the case of scalar fields, Dirichlet and Neuman boundary conditions are most commonly used, in the case of fermion fields or other fields with spin [7] , bag boundary conditions are used. In this manuscript we investigate a scalar field that obeys Dirichlet boundary conditions on a spherical surface of radius a.
Massive or massless scalar fields appear in many areas of physics from the Higgs field in the Standard Model, to the dilaton field that breaks the conformal symmetry in string theory, to the Ginzburg-Landau scalar field in superconductivity, etc. The spherical Casimir effect for massless [8, 9] or massive [10] [11] [12] [13] scalar fields in (3 + 1) or (D + 1) dimensions has been studied in vacuum and at finite temperature [14, 15] using the Green's function method [8, 12] or the zeta function technique [9] [10] [11] 13 ] to calculate the Casimir energy. These authors however, are only able to obtain the Casimir energy for large scalar mass as an infinite sum of hypergeometric functions. In this manuscript I use the zeta function technique to study the spherical Casimir effect for a scalar field of mass m, and obtain simple analytic forms for the zeta function and Casimir energy when the scalar field is confined inside or outside the spherical surface, in the case of large scalar mass (ma ≫ 1). In both cases the Casimir energy is found to be divergent, as expected [10, 11] . I also obtain simple expressions for the large mass Casimir energy and force on the spherical surface in the case of a scalar field present both inside and outside the spherical surface. The energy and force obtained for this scenario are finite.
In Section II, I describe the model and, for the case of a scalar field confined inside the spherical surface, obtain the zeta function ζ int (s) using the Debye uniform asymptotic expansion of the modified Bessel functions. In Section III, I find a simple expression for ζ int (s) in the large mass limit. In Section IV, I use the large mass limit of ζ int (s) to calculate the Casimir energy for a scalar field confined inside the spherical surface, in the case of ma ≫ 1. I also obtain, using ζ int (s) from Section III, the large mass limit of the zeta function and Casimir energy in the case of a scalar field confined outside the spherical surface. Finally I study the case of a scalar field present both inside and outside the spherical surface, and find very simple analytic expressions for the Casimir energy and force on the spherical shell, when ma ≫ 1. A summary and discussion of my results are presented in Section V.
II. ZETA FUNCTION INSIDE A SPHERICAL SURFACE
In 3-dimensional space the equation of motion of a scalar field, φ(x) = φ(x)e −iωt , is the Klein-Gordon equation
where m is the scalar field mass. Using spherical coordinates, this equation becomes
whereL is the angular momentum operator. After a separation of variables
the radial part of Eq. (1) is found to be
A complete set of solutions of Eq. (2), finite at the origin, is
where J l+1/2 (z) are Bessel functions of the first kind andω 2 = ω 2 −m 2 . Once we impose Dirichlet boundary conditions on a spherical surface of radius a g(a) = 0, we findω
where w l,n is the n-th zero of J l+1/2 (z) and n = 1, 2, · · ·. The energy eigenvalues are found immediately
and, when the scalar field is confined inside the spherical surface, the zeta function is given by
where 2l + 1 is the degeneracy of the eigenmodes of angular momentum l. Since ∂ ∂k ln J l+1/2 (ka) has simple poles at k = w l,n a , I can write Eq. (3) in the form of a contour integral [16, 17] 
where the closed contour γ runs counterclockwise, contains the whole positive k-axis and, with it, all of the w l,n a for l ≥ 0 and n ≥ 1. Next I rotate the integration contour to the imaginary axis and obtain
where
and to exploit the Debye uniform asymptotic expansion of the modified Bessel functions [10]
and u k (t) is defined recursively by
I use Eq. (6) and find
where the D i (t) are defined through
and are polynomials of degree 3i
while the coefficients x ij can be easily calculated with a simple computer program. It is clear that, as N grows, the right side of Eq. (7) becomes a more accurate approximation of the left side of (7). Using Eq. (7), I write the following approximate expression of the zeta function
with
and, for i ≥ 1
Equation (8) displays the same feature as Eq. (7): as N grows the sum on the right side becomes a more accurate approximation of the zeta function.
III. ZETA FUNCTION IN THE LARGE MASS LIMIT
In this section I evaluate the A i (s) of Eq. (8) in the limit ma ≫ 1. When z ≫ 1, I can write
and therefore, in the large mass limit, I find
Similarly
when z ≫ 1, and thus A 0 (s) and A i (s) become
After I change the integration variable from z to y = ν 2 z 2 − a 2 m 2 in the integrals of Eqs. (9) - (11), use
and integrate over the new variable y, I obtain
The integrals over α are done easily, and I find
is the Hurwitz zeta function.
IV. CASIMIR ENERGY AND FORCE IN THE LARGE MASS LIMIT
The Casimir energy for a massive scalar field confined inside a spherical surface of radius a, is given by
where ζ int (s) is given by Eq. (8), and therefore I obtain the large mass limit of E int using Eqs. (12) - (14) for the large mass limits of the A i (s). I find
for ǫ → 0, where ζ R (z) is the Riemann zeta function of number theory and γ E = 0.5772 is the Euler Mascheroni constant, and where I neglected all terms of order 1 (am) n with n ≥ 2, since am ≫ 1. Similarly, I find
where I used x 10 = 
where the aA i (ǫ − If the scalar field is confined outside the spherical surface, the zeta function is [10] 
and can be used to calculate E ext , the Casimir energy for the exterior region. The large mass limit of aE ext , exact to order 1 am , is
with the aA i (ǫ − 2 ) contain divergent terms as ǫ → 0, the Casimir energy for the exterior region is also divergent, as expected. The renormalization of the divergent Casimir energies E int and E ext can be carried out using the procedure outlined, for example, in Ref. [10] . Finally, I discuss the situation where the scalar field is present in both the interior and exterior regions. In this case the Casimir energy is
and, using Eqs. (19) and (21), I find a finite value for the large mass limit of E
Notice that, as m → ∞, the Casimir energy E → −∞. The Casimir force F on the spherical surface of radius a is given by
and I find a repulsive force 
V. DISCUSSION AND CONCLUSIONS
In this manuscript I used the zeta function regularization technique to study the spherical Casimir effect of a massive scalar field in (3 + 1) dimensions. I analyzed three scenarios: a scalar field confined inside a spherical surface, a scalar field confined outside the spherical surface, and a scalar field present inside and outside the spherical surface at the same time. In all cases Dirichlet boundary conditions were imposed on the sphere of radius a. I obtained two expressions of the zeta function in the large mass limit, one valid inside the sphere and one valid outside, which are exact to order 1 a 2 m 2 , and used them to obtain the large mass limit of the Casimir energy inside (19) and outside the sphere (21), exact to order 1 a 2 m . These Casimir energies contain divergencies, as I expected, and can be renormalized following the renormalization procedure described in Ref. [10] .
I also studied the case of a scalar field present both inside and outside the spherical surface, and obtained the large mass limit of the Casimir energy (22) and force (23) in this case. Both quantities are finite and thus do not need to be renormalized, and are exact to order 1 a 2 m and 1 a 3 m respectively. For a scalar field with mass m H ∼ 100 GeV, such as the Higgs, I find that any spherical surface of radius a ≥ a H , with a H ∼ 2 Fm, abundantly satisfies the large mass condition, since m H a H = 10 3 . In this scenario, I find that the Casimir force on the spherical surface is F ≤ F H , where F H ∼ 3.2 × 10 2 eV·fm −1 is obtained by using m H and a H in Eq.(23).
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